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Introduction

§ 1. The Differential Equation

~ ( 1 “ z) + [y - (<*  + ß + 1) z] - aßy = 0 (O

has been discussed in detail since the memorable papers of Gauss, Kiemann and 
Kummer on the subject. Kummer obtained twenty-four solutions represented by hyper
geometric series if y-1, x-ß and y-x-ß are not integers. It seems worth while to 
consider more closely than has hitherto been done, the cases in which one or more 
of these numbers are integers. Logarithmic solutions of the equation (1) have been 
considered already by Gauss, Goursat, Lindelöf and Barnes. From more recent 
time may be mentioned Vol. I of Higher Transcendental Functions compiled by the 
staff of the Bateman Manuscript Project under the direction of Arthur Erdélyi. The 
logarithmic solutions will be investigated at length on the following pages.

In Chapter I we shall consider linear transformations of the logarithmic and 
other exceptional solutions of Euler’s hypergeometric differential equation (1). In 
Chapter II some examples of quadratic transformations are given. Chapter III deals 
with Riemann’s P-function and the last chapter is devoted to the continent hyper
geometric differential equation.

If y is neither zero nor a negative integer and if | z | < 1 the hypergeometric 
function is defined by the series

where

Thus

y (<*)v  (/5)v v 
vto r!(y)p Z:

r (a + r) 
r(a)

(a)r = a (a + 1 ) (a + 2) . . . (a + v - 1 ), 

v (a - 1 ) (a - 2) (a - 3) ... (a - r) ’

when v is a positive integer.
1*
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Chapter I

Euler’s hypergeometric differential equation

§ 2. Using Frobenius’ method we put

u= S cv(e)ze+v. (2)
v = 0

Substitution into the differential equation (1) yields the identity

(?((? + y — 1 ) c0 Z' 1 + S [(g +1 + »') (g + y + v) cv + 1 ({?) — (g + a + v) (g + ß + r) cv (p)] r-+ v = ().
v = o

If we determine the cr(^)’s such that

({? + 1 +r) (j? + y + v) cv + t(g) = (e + a + r) (g + ß + v) cv(p), r = 0, 1,2,... (3)

the series (2) will be a solution of the non-homogeneous equation

~ + [y - (oc + ß + i) z\ dJ[ -ocßy = g(g + y-l) c0 (g) z? \
From (3) we gel

V = 1,2, 3, . . .

(4)

(5)

Bv setting g = 0 or g = 1 -y and taking c0 = 1 we see that (1) has the solutions

F(a, ß, y; z), 

z1 F (oc-y + ] , ß ~ y + 1,2 - y; z).

If y is nonintegral, both of these solutions are applicable and they are linearly in
dependent. If y = 1 the two solutions become identical and if y tends to an integer 
different from 1, one of them becomes meaningless.

1°. We suppose, first, that y is an integer <1 and that one at least of the para
meters a and ß is equal to one of the numbers 0, — 1, - 2,... y. Setting g = 0 the equations 
(3) leave c0 and c1_y indeterminate and (1) has the solution 

containing the two arbitrary constants c0 and c1_y. For brevity we pul

S (8)
v=o v'.{y)v

Besides (7) we have then the rational solution /(a, ß, y; z).
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the equation (1) when q = 1 - y.

(9)

meters
c0 and

S (4(e) + c„(e) log -)^ + \
v — 0

therefore will satisfy
It has been shown by Frobenius that if | z | < 1 , the series (2) converges uniformly 
with respect to o in any finite domain. The second solution can therefore be represented 
by the series

r!(2-r),

2°. Next, we suppose that y is an integer > 1 and that one at least of the para- 
a and ß is a positive integer <y. Taking @ = 1 -y, the equations (3) leave 
Cy_! indeterminate. It follows that (1) has the solution

where 
solution z

3°.
the numbers 1,2,. 
get again the solution 
solution. To obtain a 
hand side of (4) has

c0 and are arbitrary constants. Besides (6) we then have the rational 
/'(a - y + 1 , ß-y+1, 2 - y ; z).

Now it is assumed that y is a positive integer and neither a nor ß is one of 
. . y-1. Putting o = 1 - y we can give Cy_r any value, and we 

(6). The two roots of the indical equation then give the same 
second solution we observe that if we take Cy_1 = 1 , the right- 
a zero of second order at o = 1 — y. The function

a x
~ X ev(e)^+”
VQ v = o

1_y7v2(a-y+i)v(^-y+Or o
c°z Z +cy_LF(a,ß,y,z),

We denote it by G(<x,ß,y;z). Hence for |z| < 1

/> Z O X / 1 XV“ 1 1 \ ! (&)—V eß')— v
G(a,/?, y; z) = L (-1) (v - 1 ) !---- y-v------

v = i \7)-v

where for v = 1,2,3, . . .

[a, ß, y ; v]
v-1

= S
r = 0

I 1 1
' a + r + ß + r

1
y + r

W (a + r) -W (a) + W (ß + r) -V (ß)-V (y + r) + V7 (y) (1 + r) + ¥'(l)
and

[a, ß, y ; 0] = 0.
7-1

Here S denotes zero if y = 1 .
V = 1

The first term on the right-hand side of (10) may be written

(10)

T (y) T(y - 1 ) T (a - y± 1 ) T (ß-y + 1 ) (a-y + l)y(/3-y+l)y _v
( } ■ r(a)r(/9 " r ! (2 - y)v

Mat. Fys. Skr. Dan.Vid. Selsk. 2, no. 5.
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If a tends to zero (10) reduces to

G((), ß, y; z) =
(ß)-vz-r 

v = i v(y)-v

and if a tends to a negative integer, say — p, we get

r , V ( P^vS'ß^v 
v = i *'■ (y)r

l~P> ß, y,v]zv

+ (-!)*>•' S
V = p +

(11)

Another solution is obtained if c0 is chosen in the following manner

/ x  ^-(^  r (2 +
o(e) r(e + i)r(e+y)-

From (5) it now follows that

z x = T (p + a + y) r(e + ß + v) 
Cv^Q) ?Q+~1 +r)r(o + y + r)'

(12)

If neither a nor ß is an integer <y, the right hand side of (4) has again a zero of the 
second order at q = 1 -y and (9) is a solution of (1). We denote this solution by 
c0 (0) g (a, ß, y, z), where

g (a, ß, y, z) = S (-1/ \^-l)!
V = 1

(a)-y (ß)-v 
(?)-v

S [y/(a + r) + y/(ß + r) _ y/(y + _ y/ø + r) + 1()g r] -y
v = o v- vy)v

(13)

If a or ß is a non-positive integer, (13) becomes meaningless as ^(a) has poles al 
a = 0,-l,-2,... To be able to give a and ß all possible values it is convenient 
to consider two other solutions of (1). These are obtained in the same manner if for 
c0 (2) instead of (12) we take one of the following fractions

___________ —____ !___________ ______ „r _L<e±ßL __________
1 ( 1 ~ Q ~ a) r ( 1 - Q ~ ß) r (2 +1 ) 1 (2 + y) r (1 — 2 — a) r (0 +1) r (2 + y)

We thus get two solutions denoted g0 and yx respectively and defined by

;/0 («, /Î, y ; O - s1 ( - 1 )r"1 (>’ - 1 ) ! z- '
v = i \y)-v

y (a)p (ß)v 'm z , 
p = o v'\r)v L ( a v) + ^(l - /?-v)-¥/(y + r)-W(l + v) + logz] zv,

(in
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,71 («, A, 7 ; - s' ( - 1 1 (r - I ) ! ia)- ’ z- + 
v = i yy)-v z15x

oc (ß\ V1O7S [</7(1 _a__r) + ^^ + r)_v/(? + )i)_t//(1 +p) + log(_z)j zvf
r = 0 v ■ \y)v

where in (13) and (1-1) log z is negative for 0 < z < 1 , whereas in (15) log(-z) is 
negative for - 1 <z<0. The series on the right of (13), (14) and (15) converges for 
0 < I z I < 1 . For large positive values of v we have by Stirling’s formula the asymptotic 
expansion

U7/ x i Bi (a) 02(a) t VVa + v) = log v H-------------- , + . . .,r 2 rz

where B1(a), B2(a), . . . are the Bernoulli polynomials. Hence

7'(a + r) +W + G ‘ y(y + r)-W(l+v)= Qc + ^~y ~1 +OhU.

It follows that for z = 1 the series (13) e. g. is convergent if 9Î (y - a -/5) > - 1, or if 
y - a - ß = -1.
In (14) we suppose that neither a nor ß is a positive integer.
In (15) we suppose that a is not a positive integer and ß not an integer <y. (15) re
mains valid after a passage to the limit (cf. (11)) if a tends to a negative integer, as

’B(1 -a-r) = ¥/(l -a)+ S 1 .
s _ q a + s

(14) remains valid if a or ß tends to a negative integer or zero.
G (a, ß, y; z), g (oc, ß, y; z) and g0 (oc, ß, y ; z) are symmetrical functions of the 

two first parameters a and ß. But g± (oc, ß, y; z) and g± (ß, oc, y; z) are two different 
solutions of (1) unless oc — ß is an integer, in which case they are coincident. Any of 
these logarithmic solutions forms a fundamental system with F(oc, ß, y; z).

4°. If y is a non-positive integer and neither oc nor ß is one of the numbers 
0 , — 1 , - 2 , . . . y, it is seen in the same manner that (1) has the solutions z F (oc - y + \, 
ß - y + 1 , 2 - y ; z) and z1-^ G (a - y + 1, ß - y + 1 , 2- y; z).

§ 3. If we make the substitution z' = 1 — z in (1) it is transformed into a hyper
geometric differential equation with parameters oc, ß and oc + ß - y + 1. It follows that 
(1) has the linearly independent solutions

F(oc, ß, oc + ß - y + 1 \ - z), (16)

(1 - zy~a~^ F (y — oc, y-ß,y-oc-ß+\;\-z), (17)

provided that oc + ß -y is nonintegral. If a + /? - y = 0, F (oc, ß, 1; 1 - z) and G(oc, ß, 1; 
1 — z) are two independent solutions. If oc + ß - y is a positive integer and one at least 
of the parameters oc and ß is a positive integer *>oc  + ß-y, then (1) has the solutions 

2*  
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(16) and ( 1 - z)y_a_^/‘(y - a, y -/?, y - a - ^ + 1 ; 1 - z) . If a + ß - y is a positive 
integer and neither a nor ß is a positive integer <x + ß-y, then (1) has the solutions 
(16) and G (x, ß, x + ß - y + \ ; 1 - z).

If x + ß-y is a negative integer and one at least of the parameters a and ß is 
equal to a non-positive integer >x + ß-y, then (17) and f(x, ß, x + ß - y + 1 ; 1 - z) 
are linearly independent solutions of (1).

If x + ß-y is a negative integer and neither x nor ß equals a non-positive integer 
> x + ß - y, then (1) has the solutions (17) and (1 - zy~a~^G (y - a, y - ß, y - x- ß + 1 ;

!
§ 4. If we make the substitutions z = —, y = z ifa in (1), it is transformed into a 

21
hypergeometric differential equation with parameters x, x - y + I, x - ß + 1. It fol
lows that (1) has the linearly independent solutions

a Fd a, a-y+1, x- ß + \ ; - (18)

z F f ß, ß - y + 1, ß - x + 1 ; -

provided that x-ß is nonintegral. If
solutions (18) and z~a G ^a, x — y 4-1,

If x-ß is a positive integer and 

x = ß, they are coincident and we have the

one al least of the numbers x and a-y+1 is

equal Io a positive integer < x- ß, them (18) and z , ß - y + 1, ß - x + 1 ; j are 

linearly independent solutions of (1). If x-ß is a positive integer and neither x nor 

a-y+1 equals a positive integer <x-ß, then z a G ^a, a - y + 1 , x - ß + 1 ; -1 and 

(18) are independent solutions of (1).
G can of course be replaced by g, g0, or gr, except in the cases where one or 

more of these functions become meaningless.
§ 5. From the expansions in powers of z it follows immediately that the solutions 

defined in § 2 are connected by the following linear relations

g (a, ß,y; z) = G(x, ß,y; z) + [ 77(a) + Vy(/7)-- Wfy)-'/'(I )] F(x, ß,y; z), (20)

øo(a»0>7; *)  = G(a,0,y; z)+ [W(l -oø + VXl -0)- Vz(y)-Vz(l)] F(a, ß,y;z), (21)

ß,?'> z) = G(x, ß,y; z) + [ßP(l -a) + ¥z(^)-W(y)-¥z(l)T^i]F(a,^,y; z). (22)

As
7/(l - a) = V7(a) + n cot nx,
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it follows that

<70(a, ß,y; z)-g(a, ß, y; z)

£,y; /Gy;;)

n sin n (a + /?) 
sin %a sin nß F{ol, ß,y; z),

zte^ ni<x
sin ttoc F(x, ß,y, z),

g0(cc, ß, y, z)-g1(a, ß, y; z)
jjre±^iß

sin nß F(oc, ß,y;z).

(23)

(24)

(25)

In each case the upper or lower sign is taken according as I (z) is positive or negative. 
g (a, ß, y; z) is a one-valued analytic function of z within the domain | arg z \<n 
with a cross-cut along the real axis from - oo to 0; gy (oc, ß, y; z) is one-valued within 
the domain | arg(-z) | < n with a cross-cut along the real axis from 0 to +oo. But 
g0(a, ß, y;z) needs a cross-cut from - oo to 0 and another from 1 to oo to make it 
one-valued.

It was pointed out by Gauss that

~n F ( a, ß, y ; z) -= F(a. + n, ß + n, y + n ; z).

Also

") = (J^ + n’ ^+n> y+n’

L ["5'~1'/(a>/Gy; -)] = (-’)”(! -y)w"?“”_1t/(aJG y-^; ;),

[za + re 1 g(a, ß,y; z)] = (ot)nza 1 g (a + n , ß, y ; z),

as is obvious by differentiation of the power series.
The hypergeometric function F (a., ß, y, z) satisfies the following fundamental 

relations due to Euler and Gauss:

F(ot,ß,y; z) = (1 -z^FFy-a, /G y: . " J, (26)

F(oc,ß,y, z) = (1 - z)_a F (a, y - ß, y,  " J- (27)

F(x,ß,y; z) = (1 -z)y-a-^F(y - a, y-ß,y;z). (28)

The logarithmic solutions satisfy similar relations, but not quite the same. By changing 
the dependent and the independent variable it is easily verified that if (1) has the
solution G(a,ß,y;z), the function (1 - z)-^ G ^y - a, ß, y ; ———j is also a solution, 
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and the first term in the expansions in powers of z is the same for both solutions. 
We therefore have a linear relation of the form

( 1 - z) G | y - a, /i, y ; jfyH - G(a, ß, y; z) = CF(a, ß, y ; z),

C being a constant. Expanding in powers of z, we get, if we ecpiate the constant terms 
on both sides,

. :'v1 1 (y - 1 Hy-2) . . . (y-.s)
#=1 s (a-1) (a-2) . . . (a-s)’

But it is known that

lF( 1 - a) — *F(y  - a) = S — (y - 1) (y - 2) . . . (y-.s)
(a — 1) (a — 2) . . . (a — s)

if (y - a) > 0 . As in the actual case y is a positive integer, the series reduces to the 
first y - 1 terms and we get

C = T % z + lF ( 1 — a) — IF (y — a)

. V 1
= T zti + 2j--- •

s _ 1 (Z S'
We thus obtain the formula 

G(a,ß,y; z) = (1 -z) ^G|y -a,/Cy;~_£ - j +
y-l

JT Z + S

5 = 1
F(a, ß, y; z) (29)

where the upper or lower sign is taken according as / (z) < 0 . As G(a, ß, y; z) is a 
symmetrical function of the two first parameters a and ß, it follows that

/ z / ’C1 1 I
G(a,/i, y ; z) = (1 - z) a G \oc, y - ß, y ; y- 1 F(a, ß, y; z). (30)

Combining these Iwo formulae we gel

G(a, ß, y; z) = (1 z/_a_^G(y ot,y-ß,y;z) F(a, ß, y; z). (31)

It will be remembered that G (a, ß, y; z) only exists when a and ß are different from 
l,2,...y-l. The constants figuring in (29), (30) and (31) therefore are always 
finite. If y - 1, (31) reduces to

G(a, 1 ; z) = (1 -z)1_a“^G(l - a, 1-ß, 1 ; z).

From (29) and (20) it now follows that

z/(a,y; z) = (1-z) I y a,ß,y; j + ( ± %z - tt cot Tïa) F(a,/3, y ; z). (32)
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If we use (24), this formula reduces to

g1(a,/î,y;z) = (l-z)“^7 jy - a, ß, y ; - £ J . (33)

In the same way we see that

71(^, a, y ; z) = (1 - z)~a</ (a, y - ß, y ; - ~ ] | - (34)

(/i(a,/3,y; c) = (1 ( a, y y ;j, (35)

<71(0, a,y;z) = (1 ß>y> J’ (36)

.7(a, /?,y; z) = (1 - z)~ß gr (y - a, ß, y~Å (37)

g0(a,ß,r, z) = (l-z)-a91la,y-ß,y;-?-A (38)

Combining these formulae we obtain

g(a, 0, y; z) = (1 - z/~a~^ y() (y - a, y-ß, y; z), (39)

,7o(a> ß> y; ") (! -r)y_a"^7(y-a, y-ß,y; z), (40)

.71 (a, y; z) = (1 - zy~x~ßg^y - ß, y - a, y; z).

§ 6. We have seen that if y is a non-positive integer and the parameter ß equals 
one of the numbers 0, -1 , — 2, . . . y, then (1) has the solution (8). Consequently 
(1 — z)~ana, y- ß, y; j is also a solution and furthermore (7) is a solution. There 

is thus a linear relation of the form

(1 - ") af(octy-ß,yt ) "/’(* ’ ß>7>z) = C=1 y^(a-y+ 1, ß - y+1, 2 - y ; z), (41)

C being a constant, 
we obtain

If we expand in powers of z and equate the coefficients of z1

(a)i_? (y -ß)v (y -^1\
(l-y)!v = 0 r!(y)p

By Vandermonde’s theorem this reduces to

f(l — y)f(2-y) a (a 1) (a+ 2) ... (a-y). (42)
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In the same manner it is seen that

(1 -~) ^/ïy-a> ß> = Ka> ß> y> (43)

where, as before, ß equals one of the numbers 0, - 1 , - 2, . . . y and a has any value.
Combining (41 ) and (43) we get

( 1 - zy~x~ß f(y - a, y - ß, y ; z) - f (a, ß, y ; z) = ('z1^ F (oc - y + \, ß - y + \, 2 - y -, z), (44)

C being the constant (42). The gamma functions figuring in (42) are positive integers.
C vanishes if, and only if, a equals one of the numbers 0, — 1 , — 2, . . . y. It follows 
that

/■(«, /C y; r) - (1 - :)”a/’(a, y y;

/'(a, ß, y ; z) = (1 - zy~a~ß f (y - <x, y-ß,y; z),

provided that both a and ß are non-positive integers >y.
§ 7. If y is not an integer and x + ß-y is not a negative integer, (1) has the solu

tions (6), (7), and (16). These three solutions are connected by the well-known linear 
relation

F(1 -y) F(a, ß, y; z) + r<aiy±1) r(ß^y + 0r(y y i) 
F (a) T(^) ? ^F(a - y + 1 , ß -y + ] , 2—y; r) =

T (a — y + 1) T (ß — y + 1)
F (a + ß — y + 1)

(45)

If y tends to a positive integer and a or ß are not integers <y, the expression on the 
left tends to a limit, as shown by Gauss [11] in a similar case. Putting y = 1 + p-e, 
where p = 0, 1 , 2, . . ., the left-hand side of (45) can be written

r (p^f) 1 F (a -p + e + v) F (ß-p + f + r) _v_p +
r(a)r(^)r = 0 v!(i-p + r)r

(—l)p% 1 y, F (a + r) F (/? + 7’) T (a + e + v) T (ß + e + r) f v 
sinTtfi T (a) T (/?) v = 0 7’! T (p - e + v + 1 ) T (1 + e + v) T (p + v + 1 )

p-i
where E is to be interpreted as zero, when p = 0. If | c | < 1 the series converges 

o
uniformly with respect to e, and it is easily seen that if £->0, this expression tends 

(- 1)p + 1
to — — 9 (a, /?, p + 1 ; r). It follows that it y tends to a positive integer, the equation

(45) lakes the form

9(a, 0, y; r) = (-l)r
F (y) T ( a — y+l)r(/9 — y + Q 

V (x + ß - y + 1 ) F(a, ß, a + ß - y + 1 ; 1 (46)
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where it is supposed that a and ß are not integers <y. The function g (oc, ß, y ; z)
thus is regular at z = 1 . The origin and infinity are the only singularities for the branch
under consideration. If in (46) we replace a and ß by y - a and y - ß, we get from (40)

<7o(a y; ") = (-O7—"2^+5) — (l-z)7_a~^F(y-a, y-0, y-a-ß+1; 1 z), (47)

provided that a and ß are not positive integers. The function g0 (oc, ß, y, z) thus has 
a branch-point at z = 1 unless y - a - ß is an integer. If it is positive, z = 1 is a zero 
for go, but if y-a-ß is a negative integer, the first terms in the series on the right 
vanish and the right-hand side of (47) reduces to the right-hand side of (46). Con
versely, if y - a - ß is a positive integer, the first terms in (46) vanish, and (46) takes 
the form of (47). In the actual case a and ß cannot be integers, but a + ß is an integer 
and therefore g = go by virtue of (23).

We now turn to the function <71. From (33) and (46) we have

Now, by (26)

(48)

;/10, ß, r ;.-) = ( -1 )T r ^4441 Z±>) ( ! _ y -x,ß,ß-x^

We thus obtain
.</, ( -. ß. 7 ; --) (- ir -'ï> ? ’ ( _z)-  ̂_ y + !, _ a + ! ; I)

provided that a and y-ß are not positive integers. If ot-ß is a positive integer, the 
first terms in the series on the right vanish and we get

ß,y;z) = (- 1/ r(y)r(l-/5)£(a^y+ 1)
r(a-0 + l) 1 } y + 1 , a, a

§ 8. We shall now consider the behavior of the logarithmic solutions as z->l. 
We have already seen that g (z) is regular at z = 1. From (46) we get

r/(a, ß, y, 1) = (- 1/

and from (47) it follows that

r ~ 1 )r (fi ~ y +1 )
P (a, + ß — y + 1 )

lim(l-z)“ + ^_7g0(œ,/î, y; z) - (-1)7
z-> 1

r (y) £ ( Lia) r(1 ~ß)
T(y-a-ß + 1)

(56)

(5!)

Using Gauss’s formula

F(a, ß, y, 1) = r (y)r (y g-ß) 
f (y-a) T (y-ß)’ 01 (y - a - ß) > ü (52)
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we get from (48)

<h(oc,ß,y, l) = e±^<P-y) F (y) F_(^_- y+_} ) r (y - a - /j) 
F (y - a) (53)

provided that )R (y - a -/?) > 0 . The upper or lower sign is taken according as z tends 
to a point on the upper or lower edge of the cut from I) to oo. From (21) we obtain

G(«,ß,y, l)_L<Z>T^LJL_Ö[yz(y)+¥-(1)_¥z(i_a)_SZ(i_/J)], (54)
F (y - a) I (y - ß)

provided that a and ß are not positive integers and (y - a - ß) > 0 . We next con
sider the equation (28). If we use (52), it follows that

lim(l /?, y; z) - F(y2F x’Vyfw" ■ æ<a + |8 ’')>0' (55)
£-»1 1 W 1 (P)

In a similar way we get from (31) using (54) and (55)

lim(l-z)“ + /’-’'G(«,lS, y; .-) - [V (y)+ V (\)-W (a) -'!< (ß)], (56) 

provided that (oc + ß - y) > 0 . Dealing with the case when y-oc + ß, we observe that 
putting y = 1 in (46), we obtain

T(a ,ß, a-I ß- z) - j/(a,/), 1 ; 1 z).

Dividing both sides by log ( 1 z), we gel

F(a, ß, a + ß; z) -F(a + /7) 
log(l-z) F(a)F(/7)'

(57 )

Now from (2(1) it follows that

(j(oc, ß, oc + ß; z) = (i (oc, ß, oc + ß; z) +

[W(oc) + W(ß)- W(a + ß)-W(l)]F(a, ß, oc + ß- z).

The function on the left is regular at z 
using (57), we therefore obtain

G (oc, ß, oc + ß ; z) V(oc + ß)
z -> 1 log(l-z) T(a)r(ß)

1. Dividing both sides by log ( 1 - z) and

[W(oc) + W(ß)-lP(oc + ß)-lP(\)]. (58)

For the existence of G(oc,ß,y;z) it is necessary to assume that oc and ß are 
different from 1 , 2, . . . y-1 , but the formula (54) has been proved only when oc 
and ß are not positive integers. If oc tends to an integer ^y, the first factor on the 
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right vanishes and the second factor tends to infinity, but the product remains finite. 
If a = y + n, where n = 0, 1, 2, . . ., we have by Gauss’s formula (52) that 
lim F (y + n, ß, y; z) = 0, provided that 91 (ß) < - n . From (20) it now follows that 
z 1

G(y + n , ß, y ; 1) = g (y + n, ß, y ; 1 ), 91 (ß) < - n.

and using (50) we obtain

G(y + n, ß, y; n =__ (-iyr(y)n!
(ß + n) (ß + n - 1)...(^-y + l)’ (59)

provided that 91 (/)+ /()<(). It is easily seen that the right-hand side of (59) is the 
limit of the right-hand side of (54), as a->y + 7?.

It may also be useful to observe that from (13) we obtain

lim z^ 1 g(a, ß, y; z) =
z —> 0

( -1 )? r (y) r (y -1 ) 
(1 -a)y-i(l ~/5)?_]’

provided that y>l . But if y = 1, we have

(00)

lim
z-> o

1 ; c) 
log

(01)

For the sake of completeness 
by (8), we get by Vandermonde’s

we shall add that for the function /(c) defined 
theorem

/'(a, y; 1) = T (a - y + 1 ) r (/? - y+1)
T (1 -y)r(a + ^- y+ l) ’

When a is a negative integer -n, the theorem becomes

\Y)n

These special values for z = 1 are useful when we want to calculate the constants 
figuring in the linear relations between the solutions of (1).

For example, if y is a positive integer and y — a-ß is not an integer, we have 
the relation

G(a., ß, y; z) = Cß'ii., ß, a + ß -y + 1 ; 1 -z) +
C2(l-z)y_a_/?F(y-a, y-ß, y-a-ß + 1; i-z),

provided that a and /?#=l,2,...y—1. Using (28), (54) and (50), we get for the con
stants (\ and C2 the following values

r (y)jr (q + /j - y) 
f(a) f(/3) W(y) + ^(l)-W(q)-’F(j5)].
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Integral Representations

§ 9. The function g (a, ß, y; z) was defined when y is a positive integer and 
a or ß are not integers <y. It is easily seen that this function in several wavs may 
he represented by integrals of the Barnes type [4], e. g. we have

+ / 00

9O-7; 0 = (2ß- r(à/r(« r(0 r</ -y +1) r(« - /> r- ø ,

—i x
(62)

where the path of integration is indented so that the poles of T(/) F(/-y+l) lie 
to the left and the poles of T (a - 0 F (ß - t) to the right of it. This integral converges 
for large I <2 n. Evaluating the integral as 2tcz times the sum of the residues of the 
integrand at the simple poles / = y-l,y~2,...l and the poles of the second order 
t = 0, - 1 , - 2, . . ., we gel the series on the right of (13). Putting z = 1 in (62) and 
using Barnes’ lemma [4, p. 155], we get the formula (50). Differentiating both sides 
of (62) with respect to c and putting z = 1 , we obtain the formula (46). This formula 
is equivalent to the integral representation

7 («. ß- ") =
/ ni'rWr(azF+1)r^_)'±1) C r<0 r(^-0 r(/?zj) (63)

r (a) r (/?) 2 71 i ' r (a +/? - y + 1 -/)
-i x I

in which | arg (z - 1 ) | < 71 and the contour passes between the poles of F (/) and the 
poles of T (oc - /) T (ß - f) . Furthermore we have

g(x, ß, y; z) =
(-iyr(y).i_/r. ny-i-<r(/-y + i)r(a-or(j8-o (64)

2zii ' f(a + ß-0 ’

and the last integral is also convergent for | arg(r—1) |<?r. 
For the function g0 we obtain [28]

7o(a> £>/;*)  =
y + i oc

(.7-TT(y)r(i-K)r(i-fl) (

2 711 ,1
y—i x

r (/) r (/ - y +1 ) dt 
r(/-a + 1) F(/-^ + 1)

provided that1 0<z<l and (y - a — ß) > — 1 . The path of integration is a straight 
line parallel to the imaginary axis and intersecting the real axis at the point y. Evalu
ating the latter integral as 2 ni limes the sum of the residues of the integrand at the 
poles / = y-l,y-2,y-3,... we get the series on the right-hand side of (14).

1 The integral is vanishing for z> 1. It is divergent for negative and for complex values of z.
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Similarly, the function (z) can be represented by the following integral

.71 (a, ß, y; z) =
(- i)y r (y) r (i -a)y ç tr(/)r(/-y + i)r(/g-/)
2ni r(/3) k Z) r(/-a+l)

y — i oo

provided that | arg(-z) |<%. The contour is a line parallel to the imaginary axis, 
except that it is curved, if necessary, so that the increasing sequence of poles ß, ß+1 , 
ß + 2, ... lie to the right, and the decreasing sequence of poles y-l,y-2,y-3, . . . 
to the left of the path of integration. Evaluating the integral as 2%z times the sum 
of the residues at the poles y-l,y-2,y-3, . . . we get the series on the right-hand 
side of (15), provided that | z | < 1 , bid if we assume | z | > 1 and take minus 2zti 
limes the sum of the residues at the poles ß, ß +1,ß + 2, . . . we get the series on the 
right of (48).

Continuation Formulae

§ 10. In the following tables m, n, p, and q denote non-negative integers. In 
case of an ambigous sign the upper or lower sign is to be taken according as I (z) 
is positive or negative.

We consider two independent solutions in the neighbourhood of a singular point, 
and we shall write down the formulae giving the analytic continuation of these solu
tions into the neighbourhood of another singular point. Thus, in the first case below, 
where oc + ß-y is a non-negative integer q and y not an integer, we get the formulae
(1) and (4) from (46) and (47) by changing y into a + ß - y 4-1 and z into 1 -z. The 
four other formulae in this table are easily verified, being simple relations between 
rational functions after a factor eventually has been removed. If a and ß are not 
integers, we use the formulae (1) and (4). If a or ß is a non-positive integer, we have
(2) and (4). If a or ß is equal to 1,2, ... q, we take (3) and (6). Finally, if a or ß 
is equal to q + 1 , q + 2, 7 +3, . . ., (1) and (5) are to be used. It follows that the solu
tions F(a, ß,y;z) and z1_y F(a-y + l, ß-y+1, 2-y; z) have a logarithmic singu
larity at z = 1 , provided that a and ß are not integers. But if a or ß is a negative integer 
or an integer > q, one of these solutions is regular at z = 1 , and the other is logarithmic. 
Finally, if a or ß is equal to one of the numbers 1 , 2, ... 7, both solutions have a 
pole of order 7 at z = 1.

Considering the sixth case, where y and y — oc-ß are positive integers, we see 
that the first formula is merely another form of (46), and the second is the same 
as (47). The third is a combination of the two first using (25). By permutation of 
a and ß the fourth follows from the third. The three following formulae are obvious, 
being relations between rational functions.

In a similar way all formulae in the following tables can be proved.
Mat.Fys. Skr. Dan.Vid.Selsk. 2, no. 5. 3
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/-'(a,=

1. oc + ß — y = q, y not an integer.

I arg (1 z) I < %, a and ß 7, q — 1 , q - 2 , . . .

A’(a, ß, y
- y + 1 ) F (ß - y + 1 ) 
-y) F (a + ß - y + 1 ) F (oc, ß, a + ß y +1 ; 1 - ")

a or /? = (), —1,-2,...

F(a, ß, y, z) - (1 - =y a ßf(y~^,y-ß,y-a-ß + 1; 1 - z)

I arg ( 1 - r) | < n, oc and ß # 0, — 1, - 2 , . . .

y or ß = 1 , 2 , . . . q.

z1 y F ( a -- y + 1 , ß — y + 1 , 2 - y ; r) =
( - t)«+^-y + i F (2 - y) 

F ( 1 - a) F (1 - ß) F (oc + ß - y + 1) g0(oc, ß, oc + ß-y +

|argc|<7r, | arg ( 1 - z) | < zi, a and 1,2,3,...

z1 y F ( a — y + 1 , /? - y + 1 , 2 - y ; ~ ) =

F (a) F (ß)
T (y - 1) F (oc + ß — y + 1) ß,oc + ß-y + l;\-z),

I arg z \ < zt, oc or ^ = 7 + 1,7 +2, 7+ 3,...

c1 ^F(a - y + 1,0 - y + 1,2 - y ; z) =

r (2 - y) r (a + £- y) 
F (a — y + 1) F (ß - y + 1)

?-y<i -z)y-a-^/-(i-oc, 

oc or /5 = 1 , 2, . . . 7.

ß,y-oc-ß+1; 1 - z

2. y — oc — ß = q, y not an integer.

F(a, ß, y ; z) =

(-iy-«-^+ir(y)(i -z)y~x-ß
r(a)r(ß)r(r-cc-ß+i)-s(r~c‘^-^y-x-^,’l-:y

F(1 - oc) F ( 1 -ß) 
F ( 1 - y) F (y - oc - ß + 1 )

F(oc, ß,y; z) =

(1 - z)y~x~ß F (y — oc, y - ß, y oc — ß+\;\-z

Nr. 5

(1)

(2)

(3)

(4)

(5)

), <6)

(1)

(2)

oc or ß = - 7, - q - 1 , — 7 - 2
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F (oc, ß, y; z) = IXy) T (y - oc- fi) 
r (y - a) r (y - fi) f (a, ß, oc + ß - y + 1 ; 1 - z),

oc or ß = 0, - 1 , - 2, . . . 1 - 7.

-1 v F ( oc - y + 1, ß - y + \ , 2 - y ; z) =

I arg z I < tt, I arg (1 -z) I < 7T, oc and ß 1 , 2, 3, . . .

(- l)y-a-^ + !r(2-y)(l -z)y~<*-ß  
r(â-y + 1 yr(ß-y + 1 ) rO-a-^ + l) 9o (/-=<.7-/5.y-a-/(+l;l-:), (4)

I arg z | < zr, I arg (1 - z) | < n, oc and ß \ - q, 2 - q, 3 - q,.. .

I arg z I < oc or ß = 1 , 2 , 3, . . .

z1 V F (oc-y + \ , ß - y + \ , 2 - y; z) =

F (2 - y) T (y - oc — ß)
r<i _a) ra-/;) yf(.°‘-7+i.ß-?+i.«+ß-r+i

oc or ß = 0, — \ 1 — q.

-)> (6)

3. y= 1 + p, y — oc — ß not an integer.

F(a,0,y!z) ßfi ß. <*  + ß -y+ 1 ; I+

F (y)V(cc + ß- y) 
r(a) r (fi)

I arg (1 - z) I < TT,

q(cc, ß, y; z) = 

/ r(y)r(a-y+ 1 ) F (ß - y+ 1) 
ffa + ß- y+ l) F(oc, ß, oc + ß — y + \ ; 1

I arg z I < TT, oc and ß / p, p - 1 , p 2, . . .

y - oc- ß+\\ 1 -z),

3*
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G)

(5)

((5)

(7)

2, ■■■!>•

not an integer.ß

(O

(2)

(3)

c1 y f(oc - y + 1 , ß - y + 1, 2 - y ; z) = 

r(a)r(/o q ,o _

I arg z I < 57, oc and ß 0, — 1 , — 2 , . . .

-1 y 9o(* - y +1 > ß - y +1 >2 - y ;z) =

‘^'l2 y"'ß *•?-

^"^(l -zY~x~^ /'( 1 -oc, 1 - ß,2-y; z) =

r1 r g (oc-y + \ , ß - y + \ , 2 - y, z) =

1 ?)O- a.y-ß.y-a-ß+l-,

I arg (1 - z) I < jr, oc or ß = /> + 1 , /) + 2, /> + 3, . . .

F(X, ß, y, z) - />•_ a + ^-y+l ; 1 -Z),

oc or /? = 0, — 1 , - 2, . . .

r(i-a)r(i-/o 1 r r 1 r’1 '

ru“y+7)r(7/+o°■ y i

|argr|<7i, | arg ( 1 -z) | < n.
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z1 F (oc - y + 1 , ß - y + ) , 2 — y ; z) =

r(2-y)r(y-g-/?) 
r (ii - a) r (i -ß)

F (oc, ß, oc + ß - y + 1 ; 1 - z),

I arg z \ < zt, oc or ß = - p, - p - 1 , - p - 2 , . . .

z1 ? F ( oc - y + 1 , ß - y + 1 , 2 - y ; z) =

| arg z \ < ti, I arg (1 - z) | < %, oc or ß = 1 , 2, 3, . . .

f (a. ß, y, ') =
r(a — y +1 ) r (^ — y + 1 ) 
r ( 1 — y)r(a + /?~y+1) F (oc, ß, oc + ß -y + 1 ; 1 - z),

oc or 1 - p.

(1 -z/ a ? f(y-oc,y-ß, y; z) =

r<i -oc) r (i
r (1 -y)r(y-a-/?+l)

(1 -zy-“-ßF(y oc, y — ß,y — oc-ß+1; 1 —z

a or ß = \ — p.

5. y = 1 + p, oc + ß - y = q.

F (oc, ß,y; z) =
__ (- l)« + l-y + ir (y)____  

r (y - a) r'(y -ß) f (oc + ß - y + 1 ) g (oc, ß, a + ß - y + 1 ; 1 - z),

I arg (1 - z) I < oc and ß^q,q-l,q-2,...

g (oc, ß, y; z) =

z  ny T (y) IJa-y + 1) r(/3-y + 1) 
T (a + ß - y + 1 )

F (oc, ß, oc + ß -y + 1 ; 1 - z),

I arg z I < n, oc and ß p, p - 1 , p - 2 , . . .

<710» ß,y;z) = ß, oc +ß - y+ \\ - z),

a 1, 2, 3, . . .
Mat.Fys.Skr.Dan.Vid.Selsk. 2, no. 5.

(4)

(5)

(6)

(7)

(O

(2)

(3)

4
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9i(ß> oc, y\ z) - Az£- a’ a + /^-7+ 1 î 1 | ...
V1 P/Py • > (4)

I arg z \ < tt , x and ß 1 , 2, 3, . . .

^1,2,3,... J

F(a, /?, y; z) = (- l)n^7 F(a, /?, a + /?-y + 1 ; 1 - z),
\P 4- 1 yn ( ,) )

a or ß = — n, z? = 0 , 1 , 2 , . . .

F£y) F (a + /3 - y) 
r(a)r(^)

F(a, ß, y; z) =

- zX~a-^ f (y - x, y - ß, y - a - ß + 1 ; 1 -z),

x or ß = 1, 2 , ... g.

z1 f( x - y + \ , ß - y + 1 , 2 - y ; z} =

F(a)rœ
T (y — 1 ) T (a + ß - y + 1)

F (a, ß, x + ß - y + 1 ; 1

(6)

G)

a or ß = 1, 2, ... p.

(>. y = 1 + p, y - a — ß = g .

F(a, ß, y; z) =
(- i)y-«-/S + i p Q _ zyy-a-ß

F (a) T (ß) F (y - a - ß + 1 )
g (y - x, y - ß, y -x-ß + 1

I arg ( 1 — z) | < , x and ß 0, - 1, - 2, . . .

(O

(-17 (2)V (y - x - ß + 1)

«70(a, ß, y; z) =
F(y)r(i -a)r(i - ß) _ zy-a-ß Fçy _ 7 _ ß t y _ a_ ß+i. 1_zy

e±7ti (ß + ff) r(y)r<i-/?)
T(a) r (y — oc — ß + 1)

r/i(a, ß, y, z) =

(1-zy~a~ßg1(y ~ß, T

ß^p, p-1, p-2, . . .

x, y — x — ß + 1 ; 1 — z), (3)

e±ni (a + ff) r (/IX (i j a)_____

F (ß) T (y - a - ß + 1 )

ffi(ß> x, y; z) =

(1 - zy~oc~ß gx (y- x,y-ß,y-x-ß + \; 1 -

x =£ p, p - 1 , p-2, . . .

(4)
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F(a^.y;z)-(-l)”^i2^(l-Z)’'-a-^F(y-a,y-^>y-a-JB + l ; 1-z), 

a or /ï = y + 71, 7? = 0, 1 , 2, . . .

F(a, ß.y, « + /J-y+ 1 ; 1-z),

a or ß = 0, - 1 , . . . 1 - q.

?-^(l -zy-a^/-(l -a, 1-ß, 2 - y; z) =

r (y - a) r (y-ß) (1 -z)r-g-^ 
r(y-l)r(y-a-/?+l) F (y - a, y - ß, y - a - ß + 1 ; 1-z),

a or /? = 1,2, . . . p.

(5)

(6)

(7)

7. y = 1 - p, y - a - ß = q.

z1 yF(x-y+l,ß-y+l,2-y;z) = 

(-i)?+ir(2 -y)(i -z)y-x~0

I arg z \ < 71, x and ß # - g, - g - 1, - g - 2 , . . .

z1 7 7i (a ~ 7 + 1 , ß ~ y + 1 , 2 - y ; z) =

cT“+ ”5^’< 1 - a"/î.71 (y-li.7 - «,y-«-/?+l;l-z),
7•\a/p

ß -1 , -2, . . .

z1 ^7i(ß-y + l>a-7+1»2-y;z) =

eT „< 0 + 1) ( J _ z)y-«-/»91 (y _ a> r ß.r-a_ß+i;1.z)>

x — 1, — 2,.. .

z1 y F (x — y + i, ß - y + ] , 2 - y ; z) =

< =< /î+i;i-z),

x or ß = n + 1, n = 0, 1 , 2, . . .

r(«-y+i)r(ß-y+i)r(y-«-ß+i)So^-^r-ß.r-^-ß+i; i-z). 

I arg (1 - z) I < 71, x and ß * - p, -p - 1 , -p - 2 , . . .

(O

-1 ? 7o (a ~ 7 + 1 - ß ~ 7 + 1 > 2 - y ; z) =

F ( 2 - y) T (y-a) F (y-ß) 
V (y - x - ß + \ )

( l-z)y x ß F (y - x, y - ß, y - x- ß +1 ; 1 - z), (2)

(3)

G)

(5)

4*
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(1-2)7 a Vf(y-oc, y-ß, y; z) =

r (i - a) r ( i - (ij-_z)7-«-^
r ( 1 ~y)F(y — a-/5+l) F(y oc,y-ß,y-oc--ß+l; 1 - z),

oc or ß = 0, - 1 , ... \ - p.

(6)

z1 ?F(a-y+l,ß-y+l,2-y;z) =

r (2 - y) r(y-oc-ß) 
r (i - a) r (i - ß) z1 f(oc - y + 1 , ß - y + 1 , oc + ß - y + 1 ; 1 - z),

oc or ß = 0, - 1 , . . . 1 - q.

(7)

8. y = 1 -p, oc + ß-y = q.

z1 F (a - y + 1, ß - y + 1 , 2 - y ; z) ==
(_ Qa + ^-y+1 F (2-y)

F (1 -a) T(1 -/?) r(a + ^-y+ 1) ô'o (a, a + ^ - y + 1 ; 1 - z),

I arg ( 1 — z) | < zi, oc and 1,2, 3, . . .

z1 ? g (oc - y + 1, ß - y + 1, 2 - y ; z) =

z  ny r ( 2 j-y) F (a) F (/?)
T ( oc + ß - y + 1 ) F (a, ß a + ß - y + 1 ; 1 - z),

I arg z I < 7i, oc and ß 0, - 1 , - 2 , . . .

z1 f/i ( a - y + 1, - y 4- 1 , 2 - y ; z) =

F (a + p - q) q\ g^cc, ß, oc + ß-y+1; 1 - z),

a =/= 1 - p, 2 - p, 3 .

z1 .71 (/^  ? + F a ~ y + 1 , ‘2 - y ; z) =
</? + <?) F(/9)/d 

F (ß + p-q)ql gi(ß, oc, a + ß -y + 1 ; 1 - z),

(3)

(4)

z1 ? F (oc - y + 1, ß - y + 1, 2 - y ; z) = 

< -1 >” prziyn F ('■« ■ ? ■a+/» - r+1 ■ i -: ) ■

a or ß = - p - n, n = 0, 1,2, . . .

(5)
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r(a-y+l)r(ß-y+l)
f^,ß,y,z) r (1 r (a + £ _ y + F (a, ß , a + ß- y + 1 ; 1 - z),

a or ß = 0,—— p.

z* 1 * ? F (a - y + 1 , ß - y + 1 , 2 - y ; z) =

(zl)m-lr(2-y)(-;)^
F ( 1 - ß~) F (a - y + 1 ) F (ß - a + 1 )

I arg (-z) I < n, ß and y - a 1, 2, 3, . . .

(-z)1 y F (a - y + 1, ß - y + 1 , 2 - y ; z) =

r (2 - y) T (a + ß-y) 
F (a - y + 1) T (ß - y + 1)

z!-7(1 -zy-^ßf(\-oc, 1 -ß,y-x-ß+l;

a or ß = 1 , 2, . . . g.

(7)

9. ß = oc + ni, y not an integer.

F(a, ß, y, z) =
(-t)^r(y)(-zp

f (a) f (y - /?) f (ß - a + 1 ),f/1
(ß-y + l,ß,ß-a+l

I arg(-z) I < n, et and y - ß #= 0, — 1, - 2, . . .

F (a, ß,y;z) = r(i-«)r(/?-y + i) / 
r<i -y) r(/?-« +1)k 7 r ß-y+l,ß-oc+\

y - et or ß = 0,-l>—2,...

y; (“ F’ /'(“■ « - ? + 1, « -/<+ 1 ; i),

F(a, ß, y; z) =

0 = 1, 2 .... ni.

ß, oc-ß + 1 ; 1

ß — y = 0,l)2,-..m — 1.

( - z)1 ? F (a - y + 1, ß - y + 1, 2 - y ; z) =

ß, ß - y + 1, ß - oc + l ,

r (ß) r (y-a) __
r (y - 1 ) T (^ - a + 1 )

(-Z)-^F^, ß-y+\, ß-oc+1

ec or y - ß = 1, 2, 3, . . .

(6)
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( - ■)1 ?F(g-y+l,ß-y+l,2-y;z) =
r(2-y)r(/?-g) 

f (ß - y + 1) f (1 - g)
( ~ ")a / ( a> <x-y+l, g - ß4-1 ; -j,

ß - y = 0, 1, . . . /n - 1 .

( - z)1 yF(g-y+l,ß-y+l,2-y;z) =
r (2 - y) r (ß - g) 

r (ß - y + 1) r (1 - g)
/ I\y-a-ß / 1\

(-zF^l-- ß l-ß,y-ß, g-ß+1;^ ,

ß = 1,2, . . . m.

10. y =-!+/>, oc — ß non-integer.

F(a,0,r;z)-r^r^_“l( z) “F^a, a-y+1, a /*+!:')  +

r ( y)jr (g-ß) 

r(g)f(y-ß)

I arg(-z) I < n.

.71 (a> ß> y; ~) =

<1 1-ci).

I arg ( - z) | < ti , <x and y - ß 1 , 2 , 3, . . .

.71 (ß, g, y; z) =

z _ 1 r (y) r ( i - ß) r (g -_y+_i ) 
V } f(g-ß+l) g - y +

I arg (- z) | < %, ß and y - g 1 , 2, 3, . . .

F^.ß.y-Z) zy^F^.a 7+1,« 0+ld),

g or y — ß = 0 , — 1 , — 2 , . . .

F(«,^, y ; z) = p ( - :yK F^ß.ß-y + l.ß-a+lß-'j,

ß or y-g = 0,-l,-2,...

(7)

(8)

(1)

(2)

(3)

(4)

(5)
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(- z)1 yf (a.-y + 1, ß-y + 1, 2 -y; z) =

F(a)X(W)__
F(y-l)F(a-ß+l) ( —z) a F a, a — y + 1 , a - ß

oc = 1 , 2, . . . p.

(-^-yf(oc y + 1 , ß -y + 1 , 2 - y; z) =
r (ß) r (y - a) 

r(y-l)f(ß-a+l)
(-z) ^F^ß,ß-y+\,ß-oc+l

ß=l,2,...p.

-a, 1 -/?, 2-y;z) -

r (ß) r (y - a) 
T (y - 1 ) f (ß - a + 1 )

( - z) ^F\ß,ß-y+1,ß~oc+\

oc = 1,2, . . . p.

- a, 1 -ß, 2-y;:)-
r (a) F (y-ß) 

F(y- 1) T(a - ß+ 1) a - y + 1 oc - ß + 1

ß = F2, ... p.

(6)

(?)

(«)

(9)

11. y = 1 - p, oc-ß non-integer.

(-z)1 yF(a-y+l,/?-y+l,2-y;z) =

F (2 - y) r(jg-a) 
f(l -a) T (ß-y + ï ) (-z)_aF a, oc y + 1 , oc - ß+ 1 ; - j +

F (2 - y) T (a - /?) 
r (1 - ß) r (a — y + 1 )

(-zy^F^ß.ß-y+i.ß

I arg ( - z) I < n.

O")1 ?ö'i(a-y+l,/5-y+l,2-y;z) =

F (2 - y) J (y - a) Y (ß) 
r (ß — a + 1 )

(-zfMø, ß-y+1, ß-oc+1

I arg (- z) | < %, ß and y - oc O, - 1, - 2, . . .

(--)1 Y9i(ß-V+ 1 - oc-y+1 , 2 — y; z) =

F (2 - y) F (y -ff) T (a) 
F (a - ß + 1) (-z) aF[a, a — y+l,a — /?+!;-

oc and y - ß F O, — 1 , — 2, . . .

(3)
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( - z)* * 1 ^F(a — y+l,/g-y+l,2 — y;z) =

/ 1 \y r (y) T(1 - a) r (fi - y + 1)
1 7 r^-a+l)

I arg (- z) I < zi, oc and y - ß 1,2,3, . . .

T(2-y) T(/g- o) 
r (1 - a) r (ß -y +1)

( - z) a F ( a, a - y + 1 , a - ß +1;-

ß or y - a = 1,2,3, . . .

( - z)1 F (a - y + 1 , ß-y+\ , 2 - y; z) =

F (2 -y) T (a - /g) 
r (1 - ß) r (a - y + 1 ) ß - y + 1 , /?- a+ 1 ; - L

a or y - ß = 1 , 2, 3, . . .

/’(a, ß, y; z) T (a -y + 1) T (1 - ß) 
r (1 -y) r (a - ß+ 1 )

( — z ) a F f a, a — y + 1 , oc - ß + ] ; —

a = 0, — 1 , . . . 1 - p.

/'(a, ß, y; z) =
T (ß - y + 1) F (1 - a) 
f(l - y) r (fi - a + 1 )

( - z) ^F^/g, /g-y + l,/g-a+l;-

ß = 0, - 1 , . . . 1 -p.

(1-z/ a ß f(y~oc,y~ß,y; z) =

r (/g - y + 1 ) r (1^ a) 
r (1 -y) T (/g - a + 1)

a = 0, - 1 , . . . 1 - p.

(1--/ a & f(y-oc,y-ß,y; z) =

/g = 0, - 1 , . . . 1 - p.

12. y = 1 +p, ß = <x + in.

F (a, ß,y; z) = r (a) r (y - /g) r (/g - a + 1) .91 P - y + l , ß, ß - a + 1

I arg (- z) | < zr, a and y - ß # 0, — 1 , — 2, . . .

<71 («Z /g, y; z) =

( - z) ß F'[fi, ß-y+\,ß-oc+l;_

(4)

(5)

(6)

(8)

(9)

(D

(2)
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» ( x ■ ? ■ y ’ z ) “ ( - 1 )” ' ’ F(a) F(J - a ; F) ' 3 (ß ’ß - y + ' ’ ß - X + 1

I arg r | < zi, y-a^l,2,3,...

</o(a> y> ") =
p±niß r(y)r(l -q)

T (y - /?) T(ß - a + 1) ß, ß - y + 1, ß - <x+ \ (4)

^1,2,3,...

F(a, ß, y; z) = (- ß~y+l, ß~ « + 1 ; |j»

provided that /? = (), -1,-2, . . . and e = 0,

or ß = p + in + 1 , p + m + 2, . . . and £ = 1 .

(--)1 vf(a-y + 1, ß-y+ 1, 2 -y; z) =

r (ß)J (y -a) 
r (y - 1 ) r (/? - a + 1 ) F\ß, ß-y + \, ß-x+\-,- (6)

F(a, ß, y;z) =

r' (y) ^(ß - a). 
r (y - a) F (ß)

(~z) a/’( a, a-y + 1, a-ß+1 ; - (7)

0 = 1,2 , . . . ni.

Ffy)F(^-a) 
F (y - a) F (/?)

F(a, ß, y, z) =

ß, y - ß, oc- ß + 1 ;-

ß = p+\ , p + 2, . . . p + ni.

(8)

z1 y f(oc - y + 1, ß - y + 1 , 2 - y ; z) =

z x f a, a - y + 1
(9)

F(a) F(£-a)
F(y-l)F(^-y+l)

ß = p + \ , p + 2 , ... p + ni if p > in, 

ß = zn + 1 , m + 2, . . . m+ p if p < ni.
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13. y = 1 - p, jÖ = a + 727.

( - z)1 ^/?(a-y+l,ß-y + l,2-y;z) =
(-i)m+ir(2-y)(-z)-/i i 

I’(a-y+ 1) r(l -/9) r(/S-a+ 1) !/1 f ' y+l,ß-a+l;-

I arg (- z) I < %, ß and y - a 1 , 2, 3, . . .

( - z)1 y g1(oc - y + \ , ß - y + 1,2 - y ; z) =

F ( 2 -y) r (y - a) r (ß) 
T (ß — a + 1 ) ß-y + l.ß

I arg (- z) I < zi, ß and y-a / 0, - 1 , - 2, . . .

z1 \<7 (a - y + 1 , ß -y + 1 , 2 - y ; z) =

(_lr-^r(2-y) rrø / 
F ( a — y + 1 ) T (/? — oc + 1 ) ’ ’ ß - y + 1 , ß - oc +

arg c I < tt, a^O, -1,-2,...

z1 y g0(a-y+ \ , ß-y+1,2-y; z) =

y - ß /- 0, — 1 , 2, . . .

( - z)1 F ( oc - y + \ , ß - y + \ , 2 - y ; z) -

ß — y +1, ß- a +1; -

provided that ß = -p, -p - 1 , -p - 2, . . . and

or = 2?7 + 1, ni + 2, 7/7 + 3, . . . and
= 0,

= 1.

/'(a, ß, y; z) =

F (ß - y + 1) F ( 1 - a) 
r ( 1 - y) r (/5 - a + 1 )

C-z)-^F(ß,ß y + \ , ß - oc +

ß = 0, - 1, -2, . . . 1-p.

(-z)1 y F (a - y + 1, // - y + 1,2 - y ; z) =

r (2 - y) r (ß- oc)
z) a [\oc, oc - y + 1 , oc ß + 1 ; -

(O

(2)

(3)

G)

(5)

(G

(7)F (ß - y + 1 ) F (1 - a)

ß - y = 0, 1 , 2 , . . . in — 1 .
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r(2-y)r(/?-g) 
r(ß-y+l)f(l - a)

(—z)1 y F(a - y + 1 , ß - y + 1, 2 - y ; z) =

ß = 1 , 2, 3, . . . m.

(8)

/'(a, ß, y; z) =
T (a - y + 1 ) T (ß — a) 

T(i^yjr<”
z a fl a, oc - y + 1 , a — ß + 1 ; —

ß = 1 , 2, 3, . . . m if p>zn,

ß = ni — p + 1 , ni - p + 2 , . . . ni if p< ni.

(9)

Chapter 11

Quadratic Transformations

§11. Quadratic transformations of the hypergeometric function F(oc,ß,y;z) 
have been investigated by Gauss and in a more complete manner by Kummer and 
Goursat. We shall now give some examples of such transformations of the logarithmic 
and other exceptional solutions. We take the cases considered by Gauss. If we put

the equation

4 z
(1+ z)2’ T = ( 1 + z)2 a y,

d2 Y dY.r (1 - x) + [y - (a + ß + 1 ) x] - ---- ocßY = 0

is transformed into

* G - z2) [y - (4£ - 2y) z+(y - 4 a -2)

- 2 a [2 ß - y + (2 oc - y + 1 ) z] y = 0.

If ß = a + 2 th* 8 ecIua^ün reduces to

~(1 -z)^f+[y-(4a-y + 2)z]^-2a(2a-y + l)i/ = 0.

(65)

(66)

(67)

It has the solution F (2 a, 2 a - y + 1 , y ; z) and consequently

Fia, oc + -, 7'.^ t\)z) " O +z)2“F(2a. 2a-7 + l,7;z), (68)
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as shown by Gauss. If y is a positive integer, (65) has the solution G (a, a + -, y; .rj 

and (67) has the second solution G (2 a, 2a-y+1, y; r), provided that neither a nor 
ß is one of the numbers 1, 2, ... y - 1 . It follows that

G (a, a + |, y;(y^-_)2j = (1 + :)2a[C1G(2a, 2a-y4-1, y; z) +

G F(2 a, 2 a - y + 1 , y ; :)],

where C and G\ are constants. We divide both sides of (69) by or by logr, if 
y = 1 . Now let z->0, and using (60) or (61), we find that Cx = 1 . Next we let z-> 1 ,

and using (54), we obtain, if 9i(y-2a)>-,

G = ^(y - 2 a) + ¥7( 1 — 2 a) - V7( 1 — a) — V7^- - a j. (70)

If Hi(y-2a)<-, we use (55) and (56) and we get in the same manner

C = Vz(2a-y+l) + ¥7(2a) — ^(a) — ¥7/- + aj. (71 )

Now we have the relation
2 V7 (2 a) - V7(a) — P ( a + ~j = log 4 .

(71) therefore reduces to 
y~l !

C = ¥7(2 a - y + 1) - ¥7(2 a) + log 4 = S ~ +log4. (72)s = i .s — 2 a
In a similar manner we get from (70)

y-l 1
G = ¥7(y - 2 a) - ^(l - 2 a) + log 4 = S +log4.s = i s - 2 a

The relation (69) can therefore be written

where C is defined by (72) and a =/=-,

Using (20) or (21), we get from (73)

(1
= (1 +r)2ar/(2a, 2a-y + l , y; r)

\ 2 a / 1 \) " 2a, 2 a — y + 1 ■y;--

(73)

(74)
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provided that 2 a is not an integer <2y—1, and

f/o(a, a + J, y; +~-)2j = (l+z)2aø0(2a,2a-y+l,y;z), (75)

provided that 2 a is not a positive integer. Furthermore using (24) and Table 12, we 
find that

(1 + -r2af/i(a, a + 2’7;(TTlÿ) =

7171(2a, 2 a-y + 1 , y; z) + . o F(2 a, 2 a - y + 1 , y ; z) =
SIR — TCOt

I 1\ ( (76)
Pj (2 a, 2 a - y + 1 , y ; z) - ( - z) 2 a I 2 a, 2 a - y + 1 , y ; -1 =

F (2 a, 2 a - y + 1 , y ; z) - ( - z)-2 a F ( 2 a, 2a-y+l,y;- 71
sin 2 %a ’

provided that 2a is not an integer.
We now consider the rational solutions. The differential equation (65) has the 

solution /'(a, a +-, y ; ,r), and (67) has the solutions /’(2 a, 2 a - y + 1 , y ; z) and

z1-^ F(2 a — y + 1 , has one

1
2 ’

2 a
1
2’

(1 + z)~2a

of the values 0,

2y + 2, 2—y;z), if y is a non-posilive integer, and a

- 1, — -, . . • y —K- Hence

Now make z->0. It is readily seen that Cx = 1 . In order to determine the constant 
C we assume, first, that 2a is one of the numbers 0, -1 , - 2, . . . y. The left side 
and the first term on the right side of (77) then are polynomials of z of degree -2a, 
but the second term contains higher powers of z. Therefore C is zero in this case 
and (77) reduces to 

(i +-T2*/'( = f(2 a,2a-y + l,y;z)

= z~2a f\2 a, 2 a — y + 1, y ; —
\ z

provided that 2 a has any of the values 0, - 1, — 2, . . . y. The last expression is 
obtained by reversing the order of the terms.

Next, we assume that 2a = y- l,y — 2,y-3, . . . 2 y — 1 . The first term on the 
right side of (77) now is a polynomial of a lower degree than -2 a, and the second 
term is a polynomial which, by reversing the order of the terms, can be written

Mat. Fys. Skr. Dan.Vid. Selsk. 2, no. 5. 5 
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z1 y ]s ( 2 a - y + 1 , 2 oc —2 y + 2, 2 - y; z) =
(- i)y-2«-ir(i - y) T (2 - y)

F (2 oc - 2 y + 2 ) T ( 1 — 2 a)
z 2 a /7 2 oc, 2 a - y + 1 , y ; - j (79)

Now we multiply both sides of (77) by z2a and let z-> oo. We then obtain the relation

f (- D*'- 2*- 1 (\-y) r (2zy)_ 
r (2 oc - 2 y + 2) T ( 1 -2 oc)

which gives the value of C. Substituting this value in (77), we get

(1 + z)"2a/’(a, a + |, y — ^_)2j /'(2a, 2a - y + 1, y ; ") +

(-1/— 2 a-1 F ( 2 oc — 2 y + 2 ) T ( 1 - 2 a) 
P(1 -y) f(2 — y) z1 y F (2 a - y + 1 , 2 oc 2 y + 2, 2 - y ; z).

But using (79) we can also write this relation in the following manner:

/'( a, a + ’ , y ; j = (1 + z)2 a /'(2 a, 2a - y + 1 , y ; z) +

1 2 a / , 1\(1+4 /-2a, 2 a - y + 1, y:_j
(80)

where it is supposed that 2 a is an integer and y >2 oc> 2 y - 1 .
§ 12. If we apply the transformation (27) to the left-hand side of (68), we obtain 

the relation
F^a, y-a-i, y; = (1 ")2aF(2a 2 a - y + 1 , y ; z), (81)

If y that

G

the left-hand side of (73), we get the followingthis relation to transform

(82)

If we use 
relation

2 a
G

which was given by Kummer.
is a positive integer, it follows from (30)

1
1

a~2
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provided that a^-, 
following valne

3
’ 2’

. . y - 1 . The constant C1 figuring in this relation has the

y-1 / i

where the upper or lower sign is to be taken according as /(z)<0.
If we apply the transformation (37) to the left-hand side of (74), we obtain

gjy-a- = (1-z)2a^(2 a, 2a-y 4 1, y; z), (83)

provided that 2 a is not an integer <2 y — 1 . Similarly, if we apply the transformation 
(38) to the left-hand side of (75) we get

y -a-;*-,  y:(l -4-~)2) = (1 z)2a9,o(2a,2a-y + l,y;z), (84)

provided that 2 a is not a positive integer. If we use the transformation (35), it fol
lows from (76) that

0o(a> = <1 ~-)2a.7i(2a, 2a- y+ 1, y; z)

/ i 2 a /
- i-- f/1(2a’ 2a“7 + 1- 7;-|

under the condition that 2 a is not an integer.
If y is zero or a negative integer, we employ the relation (41) and then from 

(78) and (80) get the following formulae

y:(! -z)2/ = (l-z)2a/'(2x> 2a-y4-1, y; z)

where a has any of the values
y — 2 y - 3

2 ’ 2

= (1 - z)2a /’(2 a, 2a-y4 1 , y; :)

(86)

(87)

provided that a is a non-positive integer >z
2’

5*
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provided that 2 a is an odd integer and 0 > 2 a y.
§ 13. We now assume that ß = ; y instead of ß = <x + ^. The differential equation 

(66) then reduces to

r (1 - c2) 9 + [y (4 a- y + 2) r2] / - 2 a ( 2 a + 1 - y) zg = 0 .
az

.2

(89)

1
with the parameters a, a +

Henceand (65) has the solution

(90)2

Put :2 = ,r and we obtain the hypergeometric equation

y + 1 . _2

2 ’ ~
—- y y + 1 .
— and — .It has the solution 
2 2
r/ y 4~

f/?/ / 1 1 ~y\—- - a a +
ax \

2~)

1
a + 9

1 a +

i • / ythe solution f/ I a,

It follows that

This formula is due to Gauss.
If y is an odd positive integer and if a is not an integer <y, then (65) also has

7;(T+O2
, . / 1—yy+1 9and (89) also has the solution g a, a + —- , —; z

(91)

+ CF

We divide both sides by z1 7 (or by log z if y = 1). Let ~->0 and using (60) or (61) 

we find in both cases that 6\=-. Next, let z->l and we get C = 0. Hence
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. Hence9

(92)

In order

. . y. By reversing the order

-1-? p

1

then obtain

r

It follows that

a + 2

a +

. y, and

= (1

2

second term contains higher 
assume that a has one of the

y + 1
9

1 - y
2 ’

of the terms, we get

y + 1
2 ’

0, - 1,

c = (--ir 2

provided that a = 0, - 1,

(1 +r)“2a

2 ’ 2

^)2a/'

9 ’ 2

1 - y
X+2

values’'-"1 Y-~3

-1,-2,...}',

and (89) has the solutions /’(a, a + —Z

1 - yoc 4-----

x .. .t... 7____ x ___ «-2a r 1____ Z 7
P(1 -a) r(a-y+ 1) ~ 1 \ ’ 2 ’

Now we multiply both sides of (92) by c2a and let z->oo. We

X + F / 1_____\ V (------------------ -- 1 \

y + 1. _2

2 ’ ~

y + 1
2 ’

If y is an odd negative integer and if a has any of the values 0, ±,
/ y 4 Z \

then (65) has the solution /’I a, y;

and .pfa+ - , a - y + \ ; z2 j

to determine the constant C we assume, first, that a has one of the values 
V 4“ 1 , w , • r2, . . . ——. The left-hand side and the first term on the right-hand side of

(92) then are polynomials of the degree -2 a, but the
powers of z. Therefore, C is zero in this case. Next, we

., , , y-ly-3y-5provided that a = ——

(-1) 2
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Q , , ir . 1 - I 1 - X§ 14. If wc put c = r the differential equation (65) is transformed to

d2 F .1 dY~ ( 1  ~) 4- ! y — ( 4 x + 4 ß + 2 ) ; + (4 a + 4 + 2 ) c ] j—— 4 aß Y = 0.

If y = oc + ß + -, this equation takes the form

a + ß 4- - - (2 a + 2 /ï + 1 ) ; dY 
dz

— 4 aß Y = 0 . (93)

/ 11 — 11 — ,T iIt has the solution Fl 2 a, 2ß, oc + ß + ~;---- ' j. Hence, we have the relation

F^a, 2ß, * + ß + \; 1 /A « + ^ + |; .rj, (94)

a result given by Gauss.
If y is a positive integer, and if 2 a is not an integer, then (93) has the second 

solution g\2 a, 2 ß, a +ß + ~; 1— J, and g (a, ß, a + ß+ ^-; x\ is a solution of

(65). It follows that there exist constants C and C\ such that

S'(2 a, 2ß, a + ß + ^; 1—ly -j = C^a, ß, a + ß ■. |;æ

+ C ( oc, ß, x + ~ ; .i’ j.

Now make .c—>0 1 . Next, we let x-> 1 and we, obtain

1 1 \2//, x + /i + 9; -\
(95)

+ + 1 j.
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<7 (‘2 a, 2 0, a + Ø + i;

= (-l) 2 + 20, a + 0 + ^;

Substituting these values in (95), we get

;> (96)

71
sin 2 net. ’

It follows that
9 \2 Gt, 2 ß, ct + 0 +1 ; -—--j = c; ( a, ß, a + 0 +1 ; ,r

71
sin 2 not

FI a, 0, a + 0 + -
(97)

provided that 2 a is not an integer. Using (20) we derive from this formula that

6 f 2 a, 2 0, a + 0 + 9 ; -— = G ( a, 0, a + 0 + ; æ j

where the constant K has the value

(98)

Æ = W(a) + ^(0) - W(2 a) - ^(2 0) + — ,Sill 2 7lQt

and it is easily seen that this expression reduces to

K = log 4
2^2(_i)s

8 = 1 2 « - S

log 4.

The relation (98) is true if 2 a^l , 2, 3, . . . 2 y-2.
In a similar way it is seen that

(J 2 a, 2 0, a + 0 + ;L 1 + J,.-—- ) = a, 0, a + 0 + ^ ; .r
\ 2 2 / sin 2:net \ 2
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If y = a +/? + - is a negative integer, /’(2 a, 2ß, y ;— —I is a solution of 

(93), again /’(a, ß, y ; .r) and .r1_7 F(a — y + 1 , ß — y + 1 , 2 — y; .r) are solutions of (65),
1 3 1provided that a has any of the values 0, -1 , —-, . . . y--. These solutions are

connected by a linear relation

/■(2a,2^,r:- (I ■’!-/■(«, ß,y;.v)+

('.I'1 //(a — y + 1 ( ß _ y 4- 1 t 2 — y ; æ).

wc have ß<a. For large negative- 2,

values of .r the left-hand side and the first

on the a

case

y
2

1
2’ 

the right

C being a constant. If a = 0, — 1,

right

on the right-hand side of (99) are
3
2’

sidethe left side is again O(|.r| a), whereas both terms on

ly_l
2

term

), while the second term
1
9

0(|.r p
5
2 ’ ‘ ’

are O(|.r \~ß). Multiply both sides of (99) by ( —,r)^ and let .x-> — oo. In the first
we gel C = 0. Using Table 11 Formulae (1) and (7), we gel in the second case

n r (1 — y) r (2 - y) (100)

Now in the second case (99) can be reduced. If y is a negative integer and if ß has 
one of the values 0, — 1 , — 2, . . . y, it follows from (44) that

( 1 -.v)? a ß /'(y-a., y —ß, y; .r) = /'(a, ß, y; ,r) +

C.r 1_5? F(a-y+l,/?-y+l , 2 - y ; .r),

where C has the value (100). As in the actual case y~<x~ß = ~ Formula (99) 
reduces lo

/'(2 a, 2/?, y; 1 L1 |/1 - æ/(a 4-1, ß +1, y ; , (101)

provided that a or ß is equal to one of the numbers —-, — —, . . . — + ~ . 
Furthermore

/'(2a.2/7,y;1 -- - | - /' (a, ß, y ; .r), (192)
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provided that a or ß is equal to one of the numbers 0, -1, —2, . . . 
Finally, we have two expansions proceeding in descending powers of x

I y I
2

— a + 19

(103)

F (2 a, 2 a - y + 1, y ; — 1 ) (104)

(105)

9

ß is equal to one of the numbers

r(a — y+l)r(ß — y+1)f(a, ß, y, 1) r ( 1 -y)r(a + ß- y+ l)

and (101)

Mat.Fys.Skr. Dan.Vid.Selsk. 2, no. 5. G

The first of these formulae is due 
apply the transformation (28) on

to Gauss and the second is due to Kummer. If we 
the left side of Gauss’ formula we obtain

1 i
.r/

r

either a or
rational solution as shown in § 8

a + y J r y - a + 1 j

Putting z = - 1 in (81), we obtain

r(i-/) rd’

If y = oc + ß + -, we get from ( 102)

If y is a negative integer and
0, — 1 , — 2, . . . y. we have for the

when 2 a = 0, — 1 , — 2, . . . y 

when 2/5 = 0,—1, — 2,.. .y.
§ 15. Some special cases may be set down. Putting ,r = 1 in (94), we get

2“2ar(y)|/^
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, andwhen a

. Putting z = - 1 in (87) and (86), we obtainor /?when a

1)=-
T ( 1

iswhen a

1)-
2a I 1rd

haswhen a

ation

r(i -y)r

V /
9

4x2 a

7 - 3
2

formula

. . y-, Applying the transform-y-2 
2 ’ 

(43), we get from the last-mentioned

1 yj
2

• • • y non-positive integer ■ ,

a + y

/’(2a, 2 a y
-ør('

provided that a is an integer and y<oc< 1 -y, y as before being a negative integer. 
In the following formulae for the logarithmic solutions y is a positive integer.

If y~x + ß + -, we gel from (96)

(-1/
2 |/or

r (y) r ß]
provided that 2 a/0, ±1, 42, . . . Pulling ,r = 1 in (98), we obtain

provided that 2a/ 1 , 2, 3, ... 2 y 2
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(106)

if 2 a #= 1 , 2, 3, . . . 2 y - 2. Substituting this value in (20) and using (104), we obtain, 
after some manipulations

<j (2 a, 2 x - y + 1 , y ; - 1 ± io ) = ( -

provided that 2 a is not an integer <2 y-1 . This result could also be obtained from 
(S3). At the point - 1 the difference of the values on the opposite edges of the cross
cut from 0 to — oo is thus

G (2 a, 2 a - y + 1 , y ; - 1 + io) - G ( 2 oc, 2 oc - y + 1 , y ; — 1 - io) =■ 

(j (2 oc, 2 oc - y + 1 , y ; 1 + io) - y (2 a, 2 x-y + 1 , y ; — 1 - io) -

r(y)|/%2 2a27rz 

ITa + J f(y- a)

Using (30), (104), and (106) we lind that

r(y)[/n21

' ja + y j r ~a+1
7y (y) + ’/z ( 1 ) — 2 'If (a ) -I- n tgn (æ )

provided that a / 0, ±1, ±2, .. . ±(y — 2), y — 1 . From this formula we get, using (20),

f/|a, 1 a, y; r(y)T^l a + y j p / a - y l-l

where a is not an integer. Again from (24), using (105), we obtain
6*
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a, 1 - a, y ; — ± zo

r(7) 1/^(1-^)

2y-i r / y - a + 1
' 2

ni (a + y)
2e

under the condition that oc + y — 1 is not a positive integer. It follows that

g1 a, 1 - a, y ; - 4- zo I - I a, 1 - a, y ; — — zo r (y) \!n 21 2 ti i
F^a + yjp^y-a+l

Chapter III

Riemann’s Differential Equation

§ 16. We now consider the exceptional solutions of the differential equation for 
Riemann’s P-function

d2y /1-a-a' 1 - y - y'j tty /aa' yy' 00,\ y
d? + \~~+ ”T^JO* +lT + ï-.-^q7(ï^y“0’ (1)

where a + a' + ß 4- /?' + y + y' = 1. The interrelations of the fundamental solutions can 
of course in this case be written in a shorter form. If a-a' is not an integer, (1) admits 
near z = 0 the linearly independent solutions

Pa = _a q _ _^y // (a + ß y y, y + ß' + y, oc — oc' + 1 ; "), 

Px = za (1 - z)^ F (oc’ + ß + y, oc' + ß' + y, oc’ — oc 4- 1 ; z).

If y-y' is not an integer, we have in the vicinity of z = 1 the solutions

P^ = (\ - z)^ za F (oc + ß + y, oc + ß'+y, y - y' 4-1 ; 1 - z),

Py = (1 - z)y za F (oc 4- ß + y', oc + ß'+y', y' - y 4-1 ; 1 - z).

If ß - ß' is non-integer, (1) has for | z\> 1 the solutions

P? = z~^ \4-1.1 y
/•■I oc + ß + y, oc' + ß 4- y, ß 4+0')

pß'= z~P'Kr-\a + ß' + y, oc' + ß' + y, ß' ^+it)

Qy = zx (1 — z)^ g (oc + ß + y, a 4- ß' 4- y, a -a'4-1; z), 

Py = zx ( 1 - z)y f(oc + ß + y, oc + ß' + y, a - a' 4- 1 ; z). 

We now put
(2)

(3)
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If we interchange y and y' in (2) and (3), we get Qy and py. If we interchange in 
(2) and (3) a and y, z and 1 -z, we get and Finally, interchanging a and ß, 

z and - in (2) and (3), we get and p^.

In a similar way we put

ftp = ra ( 1 - zY gl(x + ß + y,x + ß'+y,x-x'+\;zY (4)

If we interchange ß and ß' in (4), we gel Rfy. If we interchange in (4) a and y, z and 

1 -z, we get Bfy. Finally, interchanging a and ß, z and - in (4) we get R%. For brevity’s 
sake we shall write

T (a - a' + 1 ) T (y'~ y)
V (x + ß + yßV (x + ß' + y'\

■  / i r (a' + ft + y) r («' + /5' + y) r (a - od + 1)
“y ' r(y-y'+l)

The other constants follow from these by interchange of letters, for example

F (y - y' + 1 ) T (a' — a)
V (x+ß + y)V (x' r ß'+ y)’

. 1 y-y'H-1 r(a + ^ + y')JT(a+£j+-y,)r(y-y'+ 1)
7 r(a-a'+l)

If a - a' equals a positive integer p, (1) admits the solutions P*  and Qy, provided 
that x + ß+y and x+ß' + y r p, p — 1 , p — 2, . . . But if x + ß+y or x + ß'+y = 1, 2, . . . p, 
we have the linearly independent solutions Pa and py . Similarly for the other cases.

The continuation formulae now lake the following form

1.■ y - / = '/ , a-a' not an integer.

/a P“ - a + ß + y and a + ß' + y g, g - 1 , g - 2 , . . . (1)

Q£. a + ß + y and x + ß' + y #= 1 , 2, 3, . . . (2)

VxPX a + ß + y or a + /F + y = 0, — 1 , -2, . . . (3)

;jy, a + ß + y or x + ß' + y = g + 1 , g + 2 , g 4- 3, . . . (4)

P7 = ay'Pa > x + ß + y or x + ß' + y = 1 , 2, . . . (/ (5)

P“' = Xyp^,,
Mat. Fys. Skr. Dan.Vid. Selsk. 2, no. 5,

a + ß + y or x + ß' + y = 1,2, . . . g. (6)
7



46 Nr. 5

2. a-a'=p, y - y' notan integer. 

Pa = a? P^ + a^P^',

Q“ - py, a + ß + y and x + ß' + y=/=p,p-l,p-

Q*.-åyP y', x + ß + y and x + ß' + y 1 , 2, 3, . . .

1" - dy Py, a + ß + y or x + ß' + y = 0 , — 1, - 2,

p“ - <xY py', a + ß + y or x + ß' + y = p + 1 , p + 2,

T*Py  - Py- a + ß + y or x + ß' + y = 1 , 2 , . . . p

v'd-Pr - Py'. x + ß + y or x + ß' + y ■= ] , 2 , . . . p.

(1)

(2)

(3)

(4)

(5)

(6)

(?)

3. x - x = P>

x + ß + y and

Q“ - dy py, x + ß + y and

nx ni (x + ß + y} sin % (a +/i + y )
? n *yl<y

+ ß'+vi siiiTC (« + /?'+y)
71

xy Wß.

Pa = (- l)w ^^py, a + ß + y
(p+^n

or

Pa = xy p£ x + ß + y or

7d-Py-Py. x + ß + y or

y - / = f/ .

a + ^' + y^Q.Q — l.f/ — 2, . . . (O

x + ß1 + y ÿt p, p - 1 , p - 2 , . . . (2)

x + ß +y 1,2,3, . . . (3)

x + ß' + y 1,2,3, . . . (4)

x + ß' + y = — n, n = 0, 1 , 2 , . . • (5)

x + ß' + y = 1,2, . . . (/ (6)

a + /?' + y = 1,2, . . . p. (7)

4. ß-ß' = m, x — X not an integer.

Àa e±ni(x + ß) pß, x + ß + y and x + ß + y' in , in - 1 , in - 2 , . . . (1)
e±ni (x' + ß) pß, x + ß + y and a + ß + y'^1,2,3,... (2)

& P“ * e±ni(x + ß) pß x + ß + y or a + /? + y' = 0, — 1, — 2, . . . (3)

ßd'"’- e±7ti (a' + ß) pß x + ß + y or a + ß + y' = m + 1, zn + 2, n» + 3, . . • (4)
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p« = g±7ïi (a + ß’) Kß' P^>
a + ß + y = i , 2, . ,. . m (5)

pa e±ni (x + ß') xß’ Pßy’ > x + ß + y' = 1 , 2, . . . in (6)

Pa' = e±7ti (a' + ß’) xß' Pßy> x + ß + y' = 1 , 2, . .. . in (7)
pa' = g+rti (X' + ß’) x'ß’ p?,, x + ß + y = 1 , 2, . .. . in. (8)

5. a -x' = p, ß-ß’ not an integer.
pa = e±7ii(a + <) pß+ e±ni (x + ß') pp’>

(1)
= e±ni(x + ß’) Xß,pß\ a + ß + y and a + ß + y' 1,2,3,... (2)
= e±ni«*  + ß> Xß pß> x + ß + y and x + ß + y ' +■ p, p - 1 , p - 2, . . . (3)

pa = e±ni(a + ß) Xß pß. a + ß + y or x + ß + y' = 0, - 1, -2 , . . . (4)
pa = e±ni^ + ß'> xß,pß', x + ß + y or x + ß + y'= p+l,p +2, p +3, . . • (5)

ßx’P? = e±ni(x' + ß) pß x + ß + y = \ , 2, ... p (6)

ßx’P*y = e±7li (X’ + ß’) pß’ x + ß + y' = 1,2, . . . p (7)

ß'x’ Py’ = e±7ii (X’ + ß’) pß’ x + ß + y = \ , 2 , ... p (8)

ßx’Py' ^e±ni (x’ + ß) pß x + ß + y' = 1,2, . . . p. (9)

e^my R

Qy =----------sin % (a + ß +y) ä.ß(jPy, x + ß + y' 1 , 2, 3, . . . (3)

6. x — x = p, ß-ß' = in.
>a pa = e±^ri (x + ß) pß , x + ß + y and x + ß 4- y' in, in - 1 , in - 2, . . . (1)

R^, = e±ni{x + ß} XßPß, a + /7 + y and x + ß + y ' p, p — 1 , p 2,.. . (2)

eTniy'

Qy'=---- ——sin 7r (a'+ /?'+ y) , x + ß + y ^1,2,3,... (4)

P« _e*nt Y + a'+ß’ + y'-l+n, n-0, 1,2,... (5)
\P + 1 )n

P“ =eT«y-.Qü±l)n a' + Ø' + y -l+n, n-0,1,2,... (6)
(p+l)n

7*
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Py =
e±7ti (x' + ß) pß a + ß + y = 1 , 2, . • • P (7)

px c±n< <*+p> af>.pp' a + ß + y = i , 2, . . . ni (8)
pct e±,,ta+^«ß.p^, ot + ß + y' = 1 , 2, . . . m (9)

a'_ T tt i y 1 (^ 4*  ß + y)r(m) ß-
'y r(a+/?+y)r(p)''’Z’ 

provided that ot + ß + y = p+1, p + 2, . . . p + m if p^m 

ot + ß + y = m + 1 , in+ 2 , . . . in + p if p < m.

(10)

Chapter IV

Confluent Hypergeometric Functions

§ 17. The solutions of Kummer’s differential equation

oty = 0

have been considered in recent papers by F. G. Tricomi [38-40] and L. J. Slater 
[33], to which we may refer the reader.

Using the familiar method of Frobenius we pul

.'/ = E c8(q)z'-, + s
s = 0

Substitution into the equation (1) yields the identity
00

?(? + /- 1) c0 (?) + E [(? + *+  1 )(? + y + s) cs+1 (?)-(? + a + .$•) cs (o) j + S = o
8 = 0

If we determine the cs (?)’*’ such that

(? + 1 +s)(? + y+ s) cs+1(?) = (e + a + s)cs(?), » = 0, 1 , 2

the series (2) will be a solution of the non-homogeneous equation

From (3) we gel

d2y

dz2
+ (y-")^|-ay = ?(? + y i)<o(?)^ 1

c(?)
__ (? + «)s

(? + i)s(? + y)/oU?)’

(3)

(4)

(5)
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By setting o = 0 or q = 1 - y and taking c0 = 1 we see that (1) has the solutions

Zj = 0(a, y; z) (6)
s = o s! (?)«

and
z1-^ ø (a - y 4-1,2 — y ; z), (7)

where ø(a,y;z) is Kummer’s function. If y is nonintegral, both of these solutions 
are applicable, and they are linearly independent. If y = 1 , the two solutions be
come identical, and if y tends to an integer different from 1, one of them becomes 
meaningless.

1°. We suppose, first, that y is an integer <1 and that a is equal to one of the 
numbers 0, - 1 , -2, . . . y. Setting q = 0 the equations (3) leave c0 and <-i_y indeter
minate and (1) has the solution

Z? (a)y£s i-y y, (a ~ Z + 1 ~S
<o,.Z, »1(2-y)« •

where c0 and Ci_y are arbitrary constants. For brevity’s sake we pul

Besides (7) we then have the rational solution <p(a,y;z).
2°. Next, we suppose that y is an integer > 1 , and that a is a positive integer <y. 

Taking @ = 1 — y the equations (3) leave c0 and iy_l indeterminate. It follows that (1) 
has the solution

. V C*)« 2*
<0' s!(2-y), c’'-1,.os!(r)<’

containing the arbitrary constants c0 and cy_1. Besides Kummer’s function (6) we then 
have the rational solution z1-^ ç? (a - y 4-1, 2 — y ; z).

3°. Now it is assumed that y is a positive integer, and that a #= 1 , 2 , 3, . . . y - 1. 
Putting @ = 1 - y, we can give c^_1 any value and we get again the solution (6). The 
two roots of the indicial equation then give the same solution. To get a second solution 
we observe that, if we take Cy_Y = 1, it follows from (3) that

(p + a + y - 1 )5
C,+’’-l(e) (ff + r),(e + 2y-l),’ ‘ 7'

These functions are all regular at the point q = 1 - y. Particularly putting s = 1 -y 
we obtain

. / \ ((? + l)(p + 2) . . . (q + 2y - 2)
0 £ (0 + a) (q + a + 1 ) . . . (p + a + y — 2)
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(9)

r = 0
and

It follows thal c0 (o) has a zero of the first order at the point q = 1 -y, and the right
hand side of (4) has consequently a zero of the second order at q = 1 -y. The dif
ferential quotient of (2) is therefore a solution of (1), when q = 1-y. Hence, (1) 
has the solution

Here the first term on the right-hand side of (9) should be replaced by zero if y = 1 .
The scries on the right of (9) converges for all finite values of z different from zero. 

Another solution is obtained if c0 is chosen in the following manner:

r (q + «)
<oO?) r(o + i)T^ + y)-

From (5) it now follows that
T (o + a + s)

r(e + i +s)r(e+y+s) ’

and consequently (1) has the solution

9 («, y ; O - s' (- 1 ),_1 (■’ - 1 ) ! rv-’ +
. 5 = 1 (y)-‘ (10)

S [ ^(a + s) - W(y+ .s') - ¥7(1 + .$•) +log;].
S = os!(y)s

If a tends to a non-positive integer, (10) becomes meaningless as Y7 (a) has poles at 
a = 0,  1, 2, . . . To remedy this inconvenience we also consider the case

1
co(2) - aj"r (- + !) F (o + y)

and Ilins get a solution denoted ff1(oc,y;z) and defined by

y-i (a)-,
<7i(a, y; ;) = S (- 1 )s_1 (s- 1 )! +

oo C-Y 7s
S . z x [v7( 1 -a-s)-¥7(y + s)-¥z(l +.s)+ log(-;)], 

s = 0 s' v)« 

(H)
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where a is not a positive integer. The series (10) and (11) converge for all finite values 
of z different from zero.

4°. If y is a non-positive integer and a is different from 0, -1, -2, . . . y, it 
is seen in the same manner that (1 ) has the solutions (7) and z1_T G (a - y + 1 , 2-y; z).

§ 18. From the expansions in powers of z it follows immediately that the solutions 
defined in § 17 are connected by the following linear relations

f/(a, y; z) = G(a, y; z)+ [¥/(a)-0(y)-¥z(l)] 0(a, y; z), (12)

<7i(a, y ; z) = G (a, y ; z)+ [^(l - a) - ^(y) - ¥*(1  ) T zd] 0 (a, y ; z), (13)

77 i OC

t/i(a, y; z) = </(a, y; z)^-^-^ 0(a,y;z). (14)

For Kummer’s function we have 

Also

0 (a, y ; z) , x 0(a + n,y + n;z). 
(y)n

din 9 ■)

[z^ 1 </(a, y; z)] = (-1 )w(l-y)nzy n 1 g(oc,y - n; z),

as is obvious by differentiation of the power series.
In Kummer’s equation (1) let y = ez yr and z= -z1. This transformation carries 

(1) into
d y1 dy,

"i ,2 +(y-~i) ,— O-a)f/i = °-
dzx

It is of the same form as (1). It follows that (1) has the solutions 0(a, y; z) and 
ez0(y-a, y; -z) if y^O, -1, -2, . . ., and it is easily seen that these two solutions 
are connected by Kummer’s relation

0 (a, y ; z) = e2 0 (y - a, y ; - z), 

a limiting case of Euler’s relation

F (a, ß, y ; z) = (1 - z)"^3 F [y-oc, ß, y;

(15)

for the Gaussian hypergeometric function. Furthermore, if y is an integer > 1 and a 
is different from l,2,...y-l, it follows that (1) has the solutions 0(a,y;z), 
G(a, y; z) and ez G (y - oc, y ; - z). Among these three solutions there is a linear 
relation of the form

G (oc, y ; z) = Cx ez G (y - oc, y ; - z) + G ø (oc, y ; z) . (16)
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Multiply both sides by and let z->0. We obtain Cx = 1. Next, we expand ez 
in powers of z and carry out the multiplication by G. If we equate the constant terms 
on both sides of (16), we obtain

c= , 1 (i-7)*

which reduces to
G -=

, = i s ( 1 + a - y)s ’

±7ii + 0(a — y+1) 0(a)

= i 71 i + S 
S = i -S' “ 5C

Thus (16) may be written
/ . 

U(a, y ; z) = G(y - a, y ; - z) + ±zrz + 2j 
s = 1 s

j 0 ( a, y ; z ), 
a / (17)

the ambiguous sign being the same as the sign of /(z). If y = 1, (17) reduces to

G (a, 1 ; z) = ez G ( 1 - a, 1 ; z) ± tti<t> (a, 1 ; z). (IK)

If we equate the coefficients of zn on both sides of (17), we obtain

v (-n)„(a)„ r i . (1 ~ ?)r1 —77 [<x.,y,v\ = n\ L —), = i r!(y)v = i (1 - a)v(r)w + i

(y - a)» 
(yk

+

If y = 1 , this formula reduces to

y (-nk(a)v 
v = i M)2

[a, 1 ; v

Eliminating G between the equations (12), (13), and (17), we lind thai

<7(a, y; z) = <’z.7i(y a, y ; -), (19)

where y is a positive integer and a is not an integer <y.
Similarly we derive the formula

,7i(a, y; -) = ßZ7(y- a, y ; - z), (20)

provided that y is a positive integer and a 1 , 2 , 3, . . . Using Kummer’?i relation (15)
we can also write (19) and (20) in the following manner:

7T
<1 (ct,y,z) = ezg (y- a, y; - z) - y.- <£(«, y; "), (21)sin era

~r.ix
g1(a,y; z) = ezgl(y-a,y; -z) + —-----0(a, y; z), (22) 
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provided that a is not an integer. For the logarithmic solution g (a, y ; z) (19) is the 
analogue of Kummer’s relation (15).

In the same manner we finally for the rational solution <p(a, y; z) get the fol
lowing relation1

1 Cf. Watson, Theory of Bessel Functions, p. 103.
2 See Erdélyi [7, p. 278].
3 Cf. Erdélyi [7, p. 256].

9?(a, y; z) = ez<p(y-x, y; - z) 
r(a-y + l)r(l — a) 
f (2-y) f(l -y)

z1 ø (a - y + 1, 2 - y ; z),
(23)

if y = 0, - 1 , - 2, . . . and a is any of the numbers 0, - 1 , - 2, . . . y. When we re
place y by 2—y and a by a — y + 1 , we obtain

1 ^9?(a-y+l,2-y;c) = ez9?(l-a,2-y;

+ (-!)“
r(a)r(y-a) 
F(y) r(y-l)

0(a, y; z),
(24)

provided that y is an integer > 1 and a is one of the numbers 1 , 2, . . . y - 1 . 
§ 19. For Kummer’s function we have the integral representation

0(a, y; z) - F(y)_
F (a) r (y - a)

1

0

provided that 91 (y) >91 (a) > 0. This follows at once by expanding ezt in powers of 
z/ and integrating term by term. A further solution is Tricomi’s function 0 (a, y; z) 
as defined by the Laplace integral

00

>?(«, y, ;) - r F jj C"1 (1 + Z/-“"1 <//, (25)
7 0

if 91(a)>0 and 91 (z) > 0 . If we expand (l+/)y“a_1 in powers of t, it is seen that 
this function admits the single asymptotic expansion2

W(a, y ; z) = V (a)r (a - y + 1 )r , rwi  
= 0 v!(-z)r (l ' } (26)

.. , . 3tt 3nvalid in the sector — >argz>—— 

deduce the Mellin-Barnes integral3

From the Laplace-integral (25) we can easily

0(a, y; z) =
1 T _,r(/)r(f-y + i)r(q-o

2 ni } ~ r (a) r (a - y + 1 ) 
-i x>

(It, (27)
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provided that a yd), - 2 , . . . ; a-yy - 1, - 2, - 3, . . . and | arg z | The

path of integration is a line parallel to the imaginary axis, except that it is curved, 
if necessary, so that the decreasing sequences of poles lie to the left, and the increasing 
sequences of poles to the right of it. Let now 5R(c)>(). Put ze±ni for c in (27) and 
multiply both sides by Prom the two equations thus obtained we get by sub
traction

Z + ix 
lP(a,y,z^t)eZ . \

izzi
}.—i x

P(0 r(/-y + l)
F ( / + a - y + 1) d/, (28)

where the poles lie to the left of the contour. The formula (28) has the advantage 
that there is no restriction upon the parameters. For the solution eZÏP(y-a.,y, - z)
we get from (28)

cz (y oc, y, z) , I’(/)!’((-7+O 
F ( t — a + 1 ) d/. (29)

Evaluating the integrals on the right of (28) and (29) as 2 zt i limes the sum of the 
residues al the poles, the following linear relations between the solutions are obtained 
(see Erdclyi [7, p. 259]):

+ 0 ( a y + 1, 2 y ; "), y / O, ±1,12, . . .1 (a)

0(a, y; z) - J ) 77(a, y; z)
I (y-a)

.|.cd-^(a-y) ’ <T>cz <//(y a,y, z), y-/-(), I, 2,...
1 (a)

?T0(a y-l-1,2 y;z)~ e1-^ 'd ( a, y ; ;)
I ( 1 - a)

+ t,±^(a y) y(2_;,) ez P (y a, y; r), y/2,3, I, . . .
I ( a y + 1 ) z '

{/(a,y;z)^( l/r(y)F(a y + 1 ) V7(a, y ; c),

y 1, 2, 3, . . . a /- y 1 , y — 2, y 3, . . .

(31)
f/i(a>y;~)-( I)yl’(y)h(l a)e2V/(y a, y; z), 

y — 1 , 2 , 3, . . . a y 1,2, 3, . . .

"l </ (a - y + 1 , 2 — y ; z) = ( l)7'r(a)r(2 y) '/y (a, y ; z), 

y - 1,0, - 1 , - 2, . . . a d 0, - 1, - 2, . . .
(35)
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z1 7X (a — y + 1,2 — y ; r) = - T (y - a) T (2 — y) ez W (y - a, y ; — c), 

y = l,O,—1,—2,... a^y,y+l,y + 2,...

To these seven relations we shall add the following two

(~ 1 )a(7)a^(a> y : ") = V7(a, y ; r), 
y — 0,—1, — 2,... a = 0, — 1 , - 2, . . . y,

(a)?_a_1-1 ^7-(a-y+1,2-y; r) = ^(a, y; r), 1
' ’ (3<S)

y = 2 , 3, 4, . . . a = 1,2, 3.... y 1 .

Subs!ituting (26) in (33), we get the asymptotic expansion

. T (y) T (a - y_+1) « (a)p(a - y + 1 )r 
( 1 h i / (39)7 (ft, y

3 n
9

Krom (20) and (39) it now follows that

7i (a, y ; c) ~ (- 1 / r(y)rG - «) 
(._~)y-a

QC

ez S
v = o

(y - a)r (1 - a)r 
v! zv (40)

3 tt provided that | arg (- c) | < — . The asymptotic behavior of gl(ot.,y;z') is thus quite

different from that of g(x,y;z). From (31) we obtain for Kummer’s function the 
well-known asymptotic expansion

<!>(« v--)~ r(y) Z +
'V'~ \\r-a)vZ0 U(-9a + ’’

, r (y) ,z y (y - ft)r(l - ft)p
T (ft) r!zy-« + ”

(41)

Now use this result on the right of (12) and we gel

4 (ft) v = 0

(y — ft)„ (1 - a)p

provided that |argz|<-. But if 0?(z)->-oo, so that | arg(-z) | <-, we obtain the 

asymptotic expansion

(1 (a, y ; y) ~ (' S
V = o

(a)v(a-y + l)r 
r! (-Z)*  ' ” (43)
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where the constant C has the value

that is

C = (- 1/r(y)f(a-y + 1) sinrca ( W(y) _ y/(a) +

- a) ±7iz].

If a = y, (9) reduces to
oc

G(y, y ; z) = e2 loge- S
v = o

1 1

and for this solution we get from (42) and (43) the asymptotic expansion

y T (v)
G(y, y; z) ~ ¥z(l)e2 + S ( — I argz |^7i.

If y is an integer > 1 and a is one of the numbers 1 , 2, . . . y —1, the two series 
in (41) terminate and the asymptotic expansion (41) reduces to the relation (24), 
where the series are written in the reverse order.
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